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Ex 1.1 (Some convex analysis)
Let X be a vector space. Recall that a subset A C X is convex if, for all z,y € A and
6 € [0,1], it holds that #z + (1 — )y € A. A function f : A — R is convex if it satisfies
fllz+ (1 =0)y) <O0f(x)+ (1 —0)f(y) for all z,y € A and 0 € [0, 1].
a) Show that if (A4;);es is a family of convex subsets of X, then A =)
b) If B C X is any set, we define its convex hull by

co(B) = {Z)\sz sz, € B, A € 10,1], Z)‘i =1,ne N}
i=1 i=1

Show that co(B) is the smallest convex set containing B.
c¢) Show that if (f;);er : A — R is a family of convex functions, then f(x) := sup,¢; fi(x) is
convex, t00.

ser Ai 18 also convex.

Ex 1.2 (Properties of absorbing and balanced sets)
Let X be a vector space. Recall that a subset A C X is :
e absorbing if for all x € X there exists € > 0 such that for all |t| < ¢ we have tx € A;
e balanced if A\A C A for all A € R with [A\] < 1.
Prove the following :
a) If (A;)ier is a family of absorbing sets, then | J,.; A; is absorbing. In addition, show that
if 1 is finite, also [),.; A; is absorbing.
b) If (A;)ier is a family of balanced sets, then | J,.; A; and [),.; A; are balanced set.

c) Let A C X be an arbitrary set. Show that [J ; AA is the smallest balanced set contai-
ning A, where A € R (the set is called the balanced hull).

d) The convex hull of a balanced set is balanced.

Ex 1.3 (On convex neighborhoods of the origin in TVS)
Let (X, 7) be a topological vector space (TVS).
a) Show that the interior of a convex set is convex.
b) Show that every neighborhood of the origin is an absorbing set.
¢) Show that every neighborhood of the origin contains a balanced open neighborhood of
the origin.
Hint: Use the continuity of the scalar multiplication.
d) Show that every convex neighborhood of the origin contains an absorbing, balanced,
convex, open neighborhood of the origin.
Hint: You might prove/use that in any TVS the convex hull of an open set is open.



